TRUONG PAI HQOC THUY LOI CONG HOA XA HQI CHU NGHIA VIET NAM
B0 moén Toan hoc Poc lap - Tw do - Hanh phiic
oo oD oo oD
Ha Noi, ngay 1 thdng 10 nam 2019

THONG BAO
VE THI OLYMPIC TOAN SINH VIEN CAP TRUONG NAM 2019

Vao thang 4 hang nam, ky thi Olympic Todn sinh vién toan qudc dugc t6 chie
nham khuyén khich sinh vién céc truong Pai hoc va Cao ding say mé hoc tap n6i chung
va mon Todn noi riéng. Ké tir khi tham du lan dau tién nam 1994 dén nay, c6 rat nhiéu
sinh vién truong Pai hoc Thuy Loi da tham dy va doat gidi cao.

Pé chuén bi cho ky thi Olympic Todn sinh vién toan qudc 1an tha 28 tai Trudng
Dai hoc Su pham — Dai hoc Hué va tao phong trao hoc tap cho sinh vién trong truong, b
mdn Toan hoc két hop v6i Phong Chinh tri va Cong tic sinh vién t6 chirc ky thi Olympic
mdn Todn cip truong nam hoc 2019 - 2020.

Sau ddy 12 mot s6 thong tin vé ky thi nay:

I. Ngay thi: 8h Chii Nhit, ngay 03 thang 11 nim 2019(Pia diém thi sé thong bao sau).

Sinh vién khéa 61 hoc GDQP sé thi tai co sé khu PH Phé Hién.

Danh sdch dw thi Olympic Todn dwoc gui vao email cua sinh vién ngay
25.10.2018.

I1. N§i dung thi (5 Cau - thoi gian 150 phiit) :

1) Ham sb: gidi han, lién tuc, cuc tri, cac dinh 1y vé gid tri trung binh.

2) Tich phan: Tinh tich phan, bat dang thirc tich phan.  3) Phuong trinh, h¢ phuong
trinh. 4) Pa thuc, day sd, giai tich to hop.  5) Bai toan ap dung thuc té, suy luan logic.

Cdc em tham khdo dé thi Olympic Todn cap trwong nam 2009, 2010, 2011, 2012,
2013, 2014, 2015, 2016, 2017, 2018 & phan tiép theo sau.

III. Ping ky thi: tir ngay 1/10/2019 dén ngay 20/10/2019

+ Sinh vién khéa 61 dang ky theo 16p hoc Giai tich ham mot bién, Giai tich 1, Todn cao
cap 1.

+ Sinh vién cdc khéa 60, 59, 58 gui vé dia chi email nhtho@tlu.edu.vn, ghi 10 : Ho tén,
md sé sinh vién, lop theo khoa, 16p Nhip mén xdc sudt thong ké hodc Xdc sudt théng
ké (néu dang hoc, dé dwoc cong diém qud trinh).

+ Chii y: Do s6 phong chudn bj vira dii nén chi cdc sinh vién ding ky ding han va cé
tén trong danh sdach by mon Todn thong bdo madi dwoc dw thi.

IV. Khen thuéng

+ Thuodng diém qud trinh cho cdc sinh vién khéa 61 mot trong cdc mén Giai tich ham
nhléu bién, Giai tich 2, Todn CC2 va khéa 60 mén Nhap mon xac suat thong ké hodc Xéc
suét thong ké. Néu tham gia thi (cong 1 diém); dat giai khuyén khich (cong 2 diém); dat
giai Nhat, Nhi, Ba (cong 3 dlem) theo quy dinh ciia by moén Todn.

+ Céc sinh vién c6 két qua t6t duoc nhan giai thuong cua truong.

+ BO mon chon 25-35 em vao 2 d6i du tuyén thi Dai sd va Giai tich theo nguyén vong
clia cdc em da dang ky. Néu tham gia tich cuc, ddy du cdc budi tap huan s& dugc thuong
diém qud trinh (tr 1-3 diém) cua cdc mon hoc Todn hoc ky 2 nam 2019-2020. Sau 2
thang s& tuyén chon mdi doi 5 em.

+ Sinh vién thi Olympic toan quoc dugc giai Ba tré nén duoc thuong 2 diém 10 chon
trong cic mon Toan. Giai khuyén khich dugc 2 diém 9, con lai duge 2 diém 8.

V. Két qua Olympic Toan Toan qudc ciia sinh vién PH Thiy Loi tir 2010-2019

Giai Nhat: 03 Giai Nhi: 10 Giai Ba: 37 Giai khuyén khich: 09

CAC EM HAY TU TIN, NHIET TINH THAM GIA KY THI OLYMPIC TOAN



TRUONG PH THUY LQI DPE THI OLYMPIC TOAN SINH VIEN 2009-2010

B0 mon Toan hoc Thoi gian lam bai : 150 phuit.

Caul (a) Chung minh rang véi moi x;,x, € (e,+00) ma x; <x,, taco:

Inx, Inx
72
X X

(b) Chirng minh bat dang thire: 20092°1° > 20102,
g g

Cau2 Cho f:N —R thoaman cic diéu kién sau

2009
f(l)——6
S, f2 fn) _n+l
=¥ +—2 +...+ " 5 f(n)

(a) Hay biéu dién f(n) qua f(n—1)
(b) Tim gidi han L= lim (2009 + 1) f (n)

R—>+oo

Cau 3 Giai hé phuong trinh:

X +2x, +3x3 +4x, +5x5 +6x4 =1
Xy +2x3 +3x4 +4x5 +5x5 +6x, =2
X3+ 2x4 +3x5 +4x5+5x, +6x, =3
X4 +2x5+3x5 +4x, +5x, +6x; =4
Xs +2xg +3x; +4x, +5x3 +6x, =5

Xg +2x, +3x, +4x; +5x, +6x5 =6

CaAud Cho cdc ham sb f(x), g(x) duong, lién tuc, f tang, g giam trén [0, 1].
1 1
Chting minh ring : j f(x)g(x)dx < j F(x)g(1—x)dx
0 0

Cau 5 (a) Chodathic f(x)=x*" +ax’+bx+c.

Tim céc sd thuc a, b, c sao cho f{(x) chia hét cho gx)=x-2
va f(x) chia cho A(x) = x* — 1 thi du r(x) = 2x.

(b) Trén bang c6 2009 dau trir va 2010 diu cong tai cic vi tri bat ky. Ta
thuc hién mdi 1an x6a hai dau bt ky thi viét thém vao d6é mot dau cong
néu x6a hai dau giéng nhau hodc mot dau trir néu x6a hai ddu khic nhau.
Hoi sau khi thyc hién 4018 1an x6a nhu trén thi trén bang con lai dau gi?



TRUONG PH THUY LQI DE THI OLYMPIC TOAN SINH VIEN 2010-2011
B0 mon Toan hoc Thoi gian lam bai : 150 phuit.

Caul (a) Ching minhrang: e >1+1, Vi>0.

(b) Chimg minh ring: I = j i3 e 37”

Cau2 Cho a>0.Xétday s {u,} dugc xdc dinh béi:

—x/;;u2 =+a++a; u, =\/a+\/a+x/g;....un =\/a+\/a...+x/g .

\'g
n can so

(a) Chting minh rang day {u,} 14 diy s duong, ting va bi chin trén.
(b) Tim lim u, .

n—s+oo

a+b+c=1
Cau3 Chobasd a,b,c théamin: {a’+b>+c*=1.
a+b+c° =1

Chirng minh rang véi moi s6 nguyén duong n ta ludn c6: a" +b" +c" =1.

/2
Cau 4 Tinh tich phan: [ = j [cos2(sin x)+ sinz(cos x)]dx.
0

Cau5 (a) Cho céc da thic v6i hé sb thuc f(x),g(x) théa man:
F(x)= f(x*° +2009) + x.g(x*'° +2009) chia hét cho x* +x+1 .

Goi a, B 1a hai nghiém phtrc cia phuwong trinh x> +x+1=0. Hay chung

2010 ﬂZOlO

minhring o’ = B =1=« tir d6 suy ra rang

£(2010) = g(2010)=0.

(b) Ban An ¢6 3 manh gidy. Tir 3 manh gidy nay, ban An ldy ra mot manh
roi xé n6 thanh 3 manh. Trong cdc manh giay c6 dugc An lai ldy ra mot
manh rdi lai xé thanh 3 manh nhé hon. Ctr nhu thé sau mot thoi gian An
ding lai va dém duoc 120 manh gidy. Ban An di dém ding hay sai? Vi
sao?



TRUONG PH THUY LQI DPE THI OLYMPIC TOAN SINH VIEN 2011-2012
B0 mon Toan hoc Thoi gian lam bai : 150 phuit.

Caul (a) Cho f(x) la ham s6 lién tuc trén [—a ; al, chirng minh réng:

j f(x)dx = j [f () + f (=x)ldx

(b) Tinh tich phan: [ = Imdx.
1+ x
u =3
Cau2 Choday sé {u,} dugc xéc dinh béi: 4+ 42
U, = u, — , Vnz1
n n
(a) Chung minh rang: u,=n2"+1, n=1,2,3,...
2"(2012n+2011
(b) Hay tim giéi han: lim (20127 ),
n—soo u,
Cau3 Cho ba sd thuc x, y,z thoa man
al = Y =x+y+z

V4242011 x+z+2011 x+y—4022
(a) Chtng minh rang néu x, y,z khdc O thi x+ y+z=%

(b) Tim ba sb X, V,2.
Cau 4 (a) Choham sb lién tuc f:[0;1]1> R saocho f(0)<l1< f(1).Khidé

chtng t6 rang phuong trinh sau ludn ludn c6 nghiém trong (0; 1)
F(x)— sin2%12 y —cos212 y =0
(b) Tim ham $6 f(x)thoamian f'(Inx)=x,Vx>0va f(1)=1.
Cau 5 (a) Tim hé sb cua x* trong khai trién da thirc sau:
P (x)=1+x)A+2x)(1+3x)...1+nx) v6i n=1
(b) Trong mdt cudc thi Todn, téng s6 diém cta Binh va Dong bﬁng téng )
di€ém cua An va Chi. Néu tinh tong s6 diem cua An va Binh thi s€ vuot troi
hon tong s6 di€m hai nguoi kia. Ngoai ra s6 diém ctia Bong 16n hon tong

s6 diém cia Binh va Chi. Hay x4c dinh thit hang ctia bon ngudi theo thu ty
diém tur cao tdi thap, biét rang di€ém thi 1a s6 khong am.



TRUONG PH THUY LQI DE THI OLYMPIC TOAN SINH VIEN 2012-2013

B0 mon Toan hoc Thoi gian lam bai : 150 phuit.

1—x?

1
Caul Choham f(x) lién tuc trén [0, 1] va J. f(t)dt > v6i Vxe [0,1].

Goi F(x) 1a mot nguyén ham cua f(x).Ching minh réng:

1 1

(a) j xf (x)dx + j F(x)dx=F(l).
L

(b) £ of ()2

Cau 2 Cho day ) {u,} thoa man cic diéu kién sau

2012
U =—
6
U Uy u, n+l
—+ =4 +L= u,
I 2 n 2
(a) Hay biéu dién u, qua u,_,.

(b) Tim cong thirc tong quat cua u,, .

Cau 3 Giai h¢ phuong trinh
X tx+..+x, +x,=1

I+x

Xy Feetx,  +x,=

Ittt x,

n

n
1
CAud Tinh tich phan I = jln(zx —1+4x% —4x+2)dx
0
A 2 P S
CausS (a) Cho f(x)=—— . Tinh gia tri bi€u thiuc

4% +2
_ o1 2 3 2012
A_f(2013j+f(2013j+f(2013)+'"+f(2013)

(b) Ba ban An, Binh va Chinh bat dau coéng viéc mdi cta ho vao ciing
mot ngdy. Lich 1am viéc cia An 1a 1am lién 5 ngdy rdi nghi mot ngay.
Lich ctia Binh 1a 1am lién 12 ngay r6i nghi 3 ngay. Con lich cta Chinh 1a
lam lién 15 ngay rdi nghi 5 ngay. Hoi trong 2012 ngay lam viéc, ¢6 bao
nhiéu ngay ca ba nguoi nghi cing nhau? Bao nhi€u ngay chi ¢ 2 nguoi
cung nghi?




TRUONG PH THUY LQI DPE THI OLYMPIC TOAN SINH VIEN 2013-2014

B0 mon Toan hoc Thoi gian lam bai : 150 phuit.

Caul Xéthamsd f(x)=x*—-4026x+2013.2014, xeR.
Pinh nghia f"(x)= f(f""(x)) véi ne N, xe R.

22013

a) Ching minh rﬁng: f2013(x) =2013+(x—2013)
1

b) Hay tinh tich phan sau: = [ £°"*(x)dx.
0

u =2

Cau?2 a) Chimg minh day sd u, +1 12 ddy s6 giam va bj chan dudi.

u =
n+l
2

b) Cho day {x,} xdc dinh tir hé thirc:

x =1, i+i+...+izi; n=2,3,... Tinh x,);.

X X X, nx,

Cau3 Giai h¢ phuong trinh sau vé6i a;,a,,a;,a, 14 céc sb thuc khic nhau.
‘al —az‘x2 +‘a1 —a3‘x3 +‘a1 —a4‘x4 =1
‘az —al‘xl +‘a2 —a3‘x3 +‘a2 —a4‘x4 =1

‘a3 —al‘x1 +‘a3 —az‘x2 +‘a3 —a4‘x4 =1

‘a4 —al‘xl +‘a4 —az‘xz +‘a4 —a3‘x3 =1
2

Caud4d Timhamso f(x) lién tuc sao cho f(x)= x* - _[f (x)dx
0

xX+y+z=2
Cau 5 (a) Cho cdc sb thuc x, v,z thoa man X%+ y2 +72=3

xyz =4

Ching minh rang:
1 1 1 -1

+ + = =k vatinh k.
xy+z—-1 yz4+x-1 zx+y-1 ((x-D(y—-D(z—-1)

(b) Trong mot budi sinh hoat cua cau lac bg c¢6 100 nguoi tham dy. Trong
d6 c6 85 ngudi mic 4o do, 80 ngudi mang giay den, 75 ngudi deo dong
hd va 70 nguoi doi nén. Hoi ¢6 it nhat bao nhiéu nguoi thoa man tat ca
cdc diéu kién trén?



TRUONG PH THUY LQI DPE THI OLYMPIC TOAN SINH VIEN 2014-2015
B0 mon Toan hoc Thoi gian lam bai : 150 phuit.

Caul (a) Chang minhrang véi n>0, tich phan sau khong phu thudc vao n

(SRR

I= I[cosz(sin" x) + sin?(cos” x)]dx
0

(b) Chohamsé f(x)=x(x—1)(x—2)...(x—2014). Tinh £’(2014).

Cau2 (a) Chodaysé: u;=1luy=2+u,uy=3+uy,,tty =k +1;_,...

. k(k+1
Ching minh rang: u, = %
(b) bat S, =1+ ! + ! +..+ !
I 1 1 1 1
I+ I+-+— I+ +.+—+—
3 3 6 Up_| Uy

Chimg minh rang:  S,y,, > 1010

X+ X +x3+...+x,=0
—3x +x3+...+x,=2

Cau 3 Gidi h¢ phuong trinh ~ {x +x, —7x;+...4+x, =2

X+x+x+..—Q2"-Dx, =2

Caud (a) Tim da thic bac nho nhét dat gid tri cuc dai 12 6 tai x=1 va gid tri

cuc tiéu 1a 2 tai x=3.

(b) Tim ham $6 f(x) c6 dao ham lién tuc trén R thoa man
Pw=[[Fo+3r20r0- 2o d+s
0

Cau5 (a) Cho x*+x+1=0.Ching minh ring : L
X

Tir d6 tinh gid tri cua biéu thirc:

1 1 1
A=x+x2+...+x2014+—+—2+...+m
X X

(b) Trong cudc thi chay giao hiru gitra hai dot, moi doi 5 nguoi. Van
ddng vién ndo vé thw n thi d6i d6 duoc n diém va khong c6 van dong
vién nao doéng hang. Doi nao it diém hon sé& thang. Hoi doi thing c6 thé
nhén duge diém 12 céc gia tri nao?



TRUONG PH THUY LQI DE THI OLYMPIC TOAN SINH VIEN 2015-2016
B0 mon Toan hoc Thoi gian lam bai : 150 phuit.

7 _J'xlnx+(x—1)ln(x—1)
x(x—1)
(b) Gid st f(x) la ham lién tuc va duong v6i moi x>0.

dx

Caul (a) Tinh nguyén ham

I if (1)dt

Chtng minh rang g(x) = ?C
[ f @i
0

12 ham ddng bién trong khoang (0,+o0) .

dF (x)

Goiy: Néu F(x)zj fHdt thi = f(x)

Céu2 Cho ae[0;1] vadiysd {x,} xdcdinhboi { '
X, =2x,01-x,), Vn21

(a) Chirng minh rﬁng X, S% voimoi n>1.

(b) Chimg minh day {x,} hoi tu va tinh lim x,.

n—+oo
n . n N X1—2x2+2)€3 +X4+x5_x6:1
Cau 3 Giai hé phuong trinh
—2x = Xy — X3 +2x, + X5 —Xg =1

2x+ X, + X3— X, — x5 +2x5 =1

CAud Cho ham sb f(x) lién tuc trén {%;2} thoa man xf (x)+ lf(l] <2.
x" \x

2
Chttng minh ring j F(x)dx<2In2.
1/2
Cau 5 (a) Tim da thic P(x) c6é bac 16n hon 2 va thdéa man P(2x) = P'(x).P"(x).

(b) Hai ban A va B tién hanh mot trd choi v&i 2015 hat déu, theo céch léy
ludn phién nhau. M61 lan c6 thé 1dy khoi déng hat ddu 1, 2 hodc 3 hat.
Nguoi nao 1dy cudi cung hét dau trong ddng thi nguoi do thang. Tim chién
thuat cua nguoi ludn thang? Khi ndo A 1a ngudi 1dy truée ma B 1a ngudi
thang, néu B biét chién thuat d6?



TRUONG PH THUY LQI BE THI OLYMPIC TOAN SINH VIEN 2016-2017
B9 mon Toan hgc Thoi gian lam bai : 150 phut.

Cau 1 (a) St dung phép d6i bién x=a — y véi a thich hop dé tinh tich phan sau

In(9 — x)

B [ JInO — x) + /In(x + 3)

(b) Cho da thitc P(x) théa man diéu kién P(1) = —P(0).

1 1
Chung minh réng fP”(x)x(x —1Ddx = 2f P(x)dx

n

Cau2 Chidaysé {u,} xdc dinh bé cong thirc u,, :ln[l—i2 voi n=12,3,4,...

2 . : 1
Rut gon tong S =u, +us3 +...+u,. T d6 chimg minh lim § = lna.

n—oo

Cau 3 Gidi hé phuong trinh:

1 2 3

+ - =1
X+y y+z zZ+x

1 2

—~ PR A
X+y y+z z+x

1 2 3
- + + =1
x+y y+z z+Xx

Caud Timhamsd /) c6 gid tri 1on hon 1 va xdc dinh véi moi *> 0, bibt ring

[f(x)—H T xti4d
fx)—1 Vx+1-1

Cau 5 (a) Trong mit phang, mot tdp hop gdbm 8 duong thang song song cit mot
tap hop gdm n dudng théng song song theo phuong khéc, tao thanh 420
hinh binh hanh (nhiéu hinh c6 thé phu hinh kia). Hiy tinh .

(b) C6 4 nguoi dan 6ng A, B, C, D can di qua mot

chiéc cau rat yéu trong dém tbi. Khong may la chi c6 @ A\
mot ciy dudc, khong c6 dube thi khong thé qua cau @ b4 7(“ 03
duoc. Thoi gian qua cau cua A,B,C,D lan luot 1a: 1 ﬂ 2
phit, 2 phit, 7 phiit va 10 phdt. Mdi luot di chi duge .

nhiéu nhat 2 nguoi va theo thdi gian cia nguoi di

nhiéu hon. Héi thoi gian ngin nhat dé 4 nguoi dan éng ~ 4Anh minh hoa.
qua cau 1 bao 14u?



TRUONG PH THUY LQI BE THI OLYMPIC TOAN SINH VIEN 2017-2018
B9 mon Toan hgc Thoi gian lam bai : 150 phut.

dx

e? +¢*
(b) Cho ham sb f(x) kha viva f(0)=0. St dung dinh nghia dao ham,

chimg minh ring 1in2) O+ f2x)+ fBx)+...+ f(nx) _ n(n2+ D) £(0)
x—> X

Caul (a) Tim nguyén ham [ :J'

Cau2 Cho diy sé x, thoa mén

x, =2017

g . X
Tim gi6i han lim 2L

ﬁ+ﬁ+...ﬁ:(n+2018)x n—seo X,

1 9 n n+l
Cau3 Chocicsda, b, ¢, x, v, zthoa man
x=by+cz
y=ax+cz, VOix+y+z#0 vaab,c#-1.
z=ax+by

1 1 1
+ + =
a+l b+1 c+1

Val+4 +x-2

Vi +4+x42

Chung minh rang

Caud Chohamsd f(x)= . Chung té rang f(x) 1aham1é.

Cau 5 (a) Cho da thac P(x) thoéa man P(3x)— P(x) =16x* —10x. Tim céc hé
s6 a,b,c d& ham sd f(x)=P(x)— (ax® +bx+c) théa man
f(Bx)= f(x) voimoi xe R.

(b) Cho mang luéi giao thong mot
chiéu nhu hinh v&, véi X[ Xy, X3, X,
la luvu luong xe di trén céac con
duong. S6 xe di vao nit A 1a 500 va
di ra niit B, C lan Iugt 1a 400, 100.
Tai mdi nit cua mang ludi, ludn c6
téng luu lwong xe di vao bang xe di
ra. Ngoai ra luu lugng trén dudng
AB gép 4 lan luu lugng trén duong
CD. Tim luu luong xe di trén moi
con cirding

500 A X1 B 400




TRUONG PH THUY LQI BE THI OLYMPIC TOAN SINH VIEN 2018-2019
B9 mon Toan hgc Thoi gian lam bai : 150 phut.

x 3

 dx. (goiy: ddibién t=2, véi a thich hop)

3.2 _
Cau 1 (a) Tinh tich phan = [
X

(b) Mot nha may loc dau dat tai diém A trén dudng cao tdc théng va mot
kho dau dit tai diém B trén cdnh dong rong. Tir A theo dudng cao toc 8 km
to1 dlém C, sau d6 di tiép 12 km vudng géc véi dudng cao toc s& dén B.
Mot ong dan dau duoc _xdy dung tr A doc theo duong cao téc dén diém D
va ndi thang dén B. Tién xay dyng mdi km doan qua canh ddng nhiéu gap
2,6 1an so voi doan doc theo duong cao tdc. Tim vi trf diém D sao cho tién
xay dung duong dng din dau 1a it nhat.
x =1
Cau?2 Cho diy s {x,} thoa min 52

_n
X1 =7 T X,

(a) Chirng minh rang {x,} 12 ddy don di¢u ting va lim 1. 0.

n—oo xn

(b) Tim gi6i han lim | 2L .
noeel\ X2 A3 An+l

72x1+x2+x3+"'+x1009:2
x1+2X2+x3+"'+X1009:4
Cau 3 Giai hé phuong trinh  {x; + X, + 2x3 4+ + X990 = 6

Cau4 Cho da thic P(x)thdéa man P(0)=P(1)=0, P(2)=2va P”(x)=0Vxe R.
1 1 2017
——t—— ..+ = .
P(2) P@3) P(2018) 2018
Ciu 5 (a) Mot gara 6td hinh vudng gom 10x10 6, mdi 6 A B

Chtrng minh rang:

a
o
m
o]
Q
o o]

—

c6 thé do duoc mot 6t6 hoac lam 161 di. Gara cé

tuong bao boc xung quanh, chi dé mét cira ra vao o

goc trén bén trdi vi trf 6 Al. Nguoi chu gara mubn

sap xép otd dé mot chiée xe bat ky c6 thé ra vao

gara ma khong bi chin bdi cdc xe khdc. Trén hinh 12

R=l i e R I o R S

mot phuong 4n cho 54 chd d6 xe. Chic chin

phuong 4n nay chua phai 1a t6i uu vi con qué nhic€u

bl
>
>
>
>
b
>
b

chd trong. Hay dé& xuat mot phuong dn c6 it nhit 60
chd do xe.

(b) Cho mét mang hinh vudng gdm 4x4 6 vudng. Tai m01 0, nguoi ta
dién ngiu nhién mot trong ba sb: —1, 0 hodc 1. Tinh tong tat ca cac 0 theo
hang, theo cot va theo hai dudng chéo. Chirng minh rang ton tai it nhat hai
téng 6 gid tri bang nhau.




